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Abstract 

The Gauss-Newton method (G-N method) is a highly efficient 

iterative method used to solve nonlinear least-squares 

problems. It can be seen as a modification of the Newton 

method for finding the minimum value of a function.  

For G-N method, we will discuss its convergence, further 

modifications and applications.  

Finally, we present and analyze the efficiancy of this method 

through numerical experiments: In a biological experiment, 

which studies the relationship between the concentration of 

a substrate and the rate of an enzyme-mediated reaction; 

prognostic score in temperature of a city by the measured 

average high temperatures per month in a year; 

approximating and prognosis average annual daily traffic 

through state roads and so on. 

 

Keywords: unconstrained optimization, nonlinear least-

squares, Newton method, fitting. 

1 INTRODUCTION 

Most optimization problems lead to the minimization of a 

function with respect to some parameters. This corresponds to 

a nonlinear programming problem, the solution of which can 

be obtained only by iterative methods. Nonlinear least-squares 

approximations are an incredibly useful tool for analyzing sets 

of data and determining whether a theoretical model is a good 

fit for data obtained experimentally. 

There are plenty of applications for an iterative process for 

solving a nonlinear least-squares approximation problem.  

It can be used as a method of locating a single point or as a 

way of determining how well a theoretical model fits a set of 

experimental data points. By solving the system of nonlinear 

equations, we obtain the best estimates of the unknown 

variables in a theoretical model. Then we are able to plot this 

function along with the data points and see how well these data 

points fit the theoretical equation. 

A wide variety of applications with this formulation can be 

found in mathematical programming literature, e.g., 

nonlinear inclusions, penalization methods, minimax, and 

goal programming. Besides its practical applications, this 

model provides a convenient tool for the study of first and 

second order optimality conditions in constrained 

optimization. Optimisation methods are the current 

workhorse for training neural networks. 

2 NEWTON OPTIMIZATION METHOD 

Let  𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑛) be a point in the real space 𝑅𝑛 and 𝑥⃗ 

the corresponding vector. 
Notice a strictly convex differentiable function 𝑓: 𝑅𝑛 → R 

which achieves its minimum in the point  𝑥∗: 

 

min
𝑥∈𝑅𝑛

𝑓(𝑥) = 𝑓(𝑥∗). (1) 

 

Let 𝑥(𝑘) ∈ 𝑅𝑛 be some point and  𝑓𝑘 = 𝑓(𝑥(𝑘)).  

 

From the Taylor series of 𝑓(𝑥) around the point 𝑥(𝑘), we can 

extract quadratic approximation 𝑞(𝑥)  as  

 

𝑓(𝑥)  𝑞(𝑥) =  𝑓𝑘 +  (𝑓𝑘)
𝑇(𝑥⃗ − 𝑥⃗(𝑘))   

                          +
1

2
(𝑥 − 𝑥(𝑘))2𝑓𝑘 (𝑥⃗ − 𝑥⃗(𝑘)),   

where the gradient vector and Hessian matrix are:  

𝑓(𝑥) =

[
 
 
 
 
𝑓

𝑥1

⋮
𝑓

𝑥𝑛]
 
 
 
 

,   2𝑓(𝑥) =

[
 
 
 
 
 
2𝑓

𝑥1
2 ⋯

2𝑓

𝑥1𝑥𝑛

⋮
2𝑓

𝑥𝑛𝑥1

2𝑓

𝑥𝑛
2 ]

 
 
 
 
 

. 

 

If 𝑞(𝑥) has its local minimum in the point 𝑥(𝑘+1), then its 

gradient is equal to zero, i.e.  

 

𝑞(𝑥(𝑘+1)) = 𝑓𝑘 + 2 𝑓𝑘 (𝑥⃗
(𝑘+1) − 𝑥⃗(𝑘))  = 0.       

Supposing that (2 𝑓𝑘 )
−1

= (2𝑓(𝑥(𝑘)))
−1

 exists, we can 

define sequence of iterations 

 

𝑥⃗(𝑘+1) = 𝑥⃗(𝑘) − (2𝑓𝑘)
−1
𝑓𝑘             (𝑘 ∈ 𝑁). (2) 

 

This is the Newton optimization method.  

 

Theorem 1. Let 𝐷 ⊆ 𝑅𝑛 and 𝑓(𝑥) ∈ 𝐶2(𝐷)  and 𝑥∗ ∈ 𝑅𝑛 is 

such that 𝑓(𝑥∗) = 0 and 2𝑓(𝑥∗) is invertible. For any 

𝑥(0) ∈ 𝐷 such that 

(1) det2𝑓(𝑥(0)) ≠ 0; 

(2) ‖(2𝑓(𝑥(0)))
−1

(2𝑓(𝑦) − 2𝑓(𝑥))‖ ≤

                      𝐿‖𝑥 − 𝑦‖            (𝐿 > 0; ∀𝑥, 𝑦 ∈ 𝐷); 

(3) ‖(2𝑓(𝑥(0)))
−1

𝑓(𝑥(0))‖ ≤ 𝑏     (𝑏 > 0); 

(4) 2𝑏𝐿 ≤ 1;      

(5) 𝜀∗ =
1−√1−2𝑏𝐿

𝐿
  ⋀ 𝐵(𝑥(0), 𝜀∗) ⊆ 𝐷,     
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the sequence {𝑥(𝑘)}  generated by (2) is contained in 

𝐵(𝑥(0), 𝜀∗) and converges to the unique solution 𝑥∗, i.e. 

lim
𝑘→∝

𝑥(𝑘) = 𝑥∗. The following estimation is valid 

‖𝑥(𝑘+1) − 𝑥∗‖ ≤
1

2
 ‖𝑥(𝑘) − 𝑥∗‖,  

and the convergence rate is quadratic: 

lim
𝑘→∞

‖𝑥(𝑘+1) − 𝑥∗‖

‖𝑥(𝑘) − 𝑥∗‖2
= 𝐶 = const ∉ {0,∞}. 

 

Newton's method has the serious drawbacks: 

(i) it is not globally convergent toward stationary points; 

(ii) The search direction is not defined at points where the 

Hessian matrix is singular; 

(iii) It requires finding the inverse matrix at each step and this 

may become ill-conditioned for large dimensional problems. 

3 GAUSS-NEWTON OPTIMIZATION METHOD 

This method is applied to the class of functions that 

are sums of squares of real functions and it is based on the 

Hessian approximation in Newton's method. 

We want to minimize the function 𝑓: 𝑅𝑛 → R  of the 

form 

𝑓(𝑥) = ∑ 𝑟𝑖
2(𝑥)           (𝑛 ≤ 𝑚),

𝑚

𝑖=1
 

(3) 

 

where all functions 𝑟𝑖(𝑥) are real strictly convex 

differentiable functions.  

Let 𝑟(𝑥) be the vector of these functions and J(𝑥) their 

Jacobian:   

𝑟(𝑥) = [
𝑟1(𝑥)

⋮
𝑟𝑚(𝑥)

],           J(𝑥) = [
𝜕𝑟𝑖

𝑥𝑗
]
𝑚×𝑛

=

[
 
 
 
𝜕𝑟1

𝑥1
⋯

𝜕𝑟1

𝑥𝑛

⋮
𝜕𝑟𝑚

𝑥1

𝜕𝑟𝑚

𝑥𝑛 ]
 
 
 

. 

 

Since  
𝜕𝑓

𝑥𝑘

= ∑ 2𝑟𝑖(𝑥)
𝜕𝑟𝑖
𝑥𝑘

𝑚

𝑖=1
    (𝑘 = 1,… , 𝑛), 

(4) 

 

it is 

𝑓(𝑥) = 2(J(𝑥))
𝑇
𝑟(𝑥). (5) 

 

By differentiating (4), we get 

 

2𝑓

𝑥𝑙𝑥𝑘

= 2∑


𝑥𝑙

(𝑟𝑖(𝑥)
𝜕𝑟𝑖
𝑥𝑘

) ,
𝑚

𝑖=1
 

i.e., 

2𝑓

𝑥𝑙𝑥𝑘

= 2∑ (
𝜕𝑟𝑖
𝑥𝑙

𝜕𝑟𝑖
𝑥𝑘

+ 𝑟𝑖(𝑥)
2𝑟𝑖

𝑥𝑙𝑥𝑘

)
𝑚

𝑖=1
. 

 

Therefore, the Hessian   2𝑓(𝑥) can be written in the form  

   2𝑓(𝑥) = 2(J(𝑥))
𝑇

∙ Ј(𝑥) + 𝑄(𝑥),     

 

(6) 

with 

𝑄(𝑥) = 2 ∑ (𝑟𝑖(𝑥)  ∙ 2𝑟𝑖(𝑥)) .
𝑚

𝑖=1
 

If 𝑟𝑖(𝑥) and 
2𝑟𝑖

𝑥𝑙𝑥𝑘
 are negligibly small with respect to 

𝜕𝑟𝑖

𝑥𝑙

𝜕𝑟𝑖

𝑥𝑘
 

when 𝑥 is near the minimum point 𝑥∗ of 𝑓(𝑥), we can 

approximate 
2𝑓

𝑥𝑙𝑥𝑘
 with 

2𝑓

𝑥𝑙𝑥𝑘

≈ 2∑ (
𝜕𝑟𝑖
𝑥𝑙

 
𝜕𝑟𝑖
𝑥𝑘

)
𝑚

𝑖=1
. 

Hence, we have approximation for 2𝑓(𝑥) in the form 

 

   2𝑓(𝑥) ≈ 2(J(𝑥))
𝑇
Ј(𝑥). (7) 

 

Remark. This situation occurs when  

|𝑟𝑖(𝑥) | ‖2𝑟𝑖(𝑥)‖ ≪ 𝜆max ((𝐽(𝑥))
𝑇
Ј(𝑥)), 

where ‖2𝑟𝑖(𝑥)‖ denotes the spectral norm 2𝑟𝑖(𝑥), i.e. 

‖2𝑟𝑖(𝑥)‖ = √𝜆max (2𝑟𝑖(𝑥)𝑇2𝑟𝑖(𝑥)), 

and 𝜆max is the maximal eigenvalue of the corresponding 

matrices (see Nocedal-Wright [7]). 

Let 

𝐽𝑘 = Ј(𝑥(𝑘)). 

 

Including (4) and (5) into (1) with assumption  

 

det[(𝐽𝑘)
𝑇𝐽𝑘] ≠ 0, 

we yield 

𝑥⃗(𝑘+1) ≈ 𝑥⃗(𝑘) − (2𝐽𝑘
Т 𝐽𝑘)

−1
2𝐽𝑘

Т 𝑟(𝑥(𝑘)) . 

 

Now, Gauss-Newton optimization method is 

 

𝑥⃗(𝑘+1) = 𝑥⃗(𝑘) − (𝐽𝑘
Т 𝐽𝑘)

−1
(𝐽𝑘)

𝑇𝑟(𝑥(𝑘)). (7) 

 

Including the Moore-Penrose inverse (see Wedin [10])) 

𝐽𝑘
† = (𝐽𝑘

Т 𝐽𝑘)
−1

(𝐽𝑘)
𝑇 , 

 

it can be written in the final simple form  

 

𝑥⃗(𝑘+1) = 𝑥⃗(𝑘) − 𝐽𝑘
†𝑟(𝑥(𝑘))            (8) 

 

(𝑘 = 1,2, … ). 

4 CONVERGENCE, ERROR ESTIMATION AND 

MODIFICATIONS 

Gauss-Newton method (G-N method) was constructed by 

omitting some members in the Newton method.  Since the 

Newton method has the order of convergence 𝑟𝑁 = 2, G-N 

method will have 𝑟𝐺−𝑁 ∈ (1,2). But, if ‖𝑄‖ is small when 

𝑥(𝑘) tends to 𝑥∗, we can expect acceleration of convergence. 

Let us introduce 3 conditions: 

(A.1) There is 𝑥∗ ∈ 𝑅𝑛  such that 𝐽Т(𝑥∗)𝑓(𝑥∗) = 0; 
(A.2) Jacobian matrix  Ј(𝑥∗)  has full rank 𝑛; 

(A.3) Starting from some 𝑥(𝑘), the matrix (𝐽𝑘
Т 𝐽𝑘)

−1
𝑄(𝑥(𝑘)) 

has the spectral radius 𝜌 < 1. 

 

Theorem 2. (Wedin [11]) If the conditions (A.1), (A.2) and 

(A.3) are fulfilled, the Gauss-Newton method converges 

locally to the optimal point 𝑥∗ for every initial point close 

enough to it. 
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The error of   𝑥⃗(𝑘) can be estimated by the formula 

 

‖𝑥(𝑘) − 𝑥∗‖ ≈ ‖𝑓(𝑥(𝑘))‖ = ‖2𝐽𝑘
Т𝑟(𝑥(𝑘))‖. 

 

(9) 

 

There are a few problems in applications of previous 

methods, such as: the computational cost, execution time, 

efficiency and accuracy. The previous methods can fail if a 

singular matrix appears. That is why a few modifications 

were developed: the modified G-N method, truncated G-N 

method, inexact G-N method  (see Gratton [2], Dixon [3], 

Grippo [4] and Hedarta [5]), q-G-N method (see Marinko-

vić&al [6] , Rajković&al [8], Ram&al [9]), and so on. 

The modified G-N method, in the case that 

𝐴𝑘 = 𝐽𝑘
Т 𝐽𝑘:    det 𝐴𝑘 = 0, 

includes  

𝐴̃𝑘 = 𝐴𝑘 + 𝐸𝑘 , 

where the matrix 𝐸𝑘 = 𝐸(𝑥(𝑘)) is a positive semidefinite 

matrix such that 𝐴̃𝑘 is positive definite.  

For example, in a variant of this method, if exact solution is 

not achieved, i.e. 𝑓(𝑥(𝑘)) ≠ 0, the matrix 𝐸𝑘 is the diagonal 

matrix with diagonal elements ‖𝐽𝑘
Т 𝐽𝑘‖. 

The q-Gauss-Newton algorithm is a modification of the 

Gauss-Newton method based on interchange of the classical 

by the q-derivative  
𝜕𝑓

𝑥
≈ 𝐷𝑞𝑓(𝑥) =

𝑓(𝑥) − 𝑓(𝑞𝑥)

(1 − 𝑞)𝑥
, 

where q is a given parameter 𝑞 ∈ (0,1). 
By approximation 𝐽𝑘 ≈ 𝐽𝑞,𝑘, we get q-G-N method  

 

𝑥⃗(𝑘+1) = 𝑥⃗(𝑘) − (𝐽𝑞,𝑘
Т  𝐽𝑞,𝑘)

−1
(𝐽𝑞,𝑘)

𝑇
𝑟(𝑥(𝑘)). 

 

The convergence of q-G-N method is assured only when the 

initial guess is close enough to the point of the minimum (see 

It is very useful for the functions which do not have 

continuous derivatives, or they are too complicated for the 

computation. 

5 APPLICATIONS 

Example 1. In a biological experiment, which studies the 

relationship between the concentration of a substrate T and 

the rate of an enzyme-mediated reaction Y, Table 1 was 

obtained. 

 

Table 1 

i T Y 

1 0.0380 0.0500 

2 0.1940 0.1270 

3 0.4250 0.0940 

4 0.6260 0.2122 

5 1.2530 0.2729 

6 2.5000 0.2665 

7 3.7400 0.3317 

 

The experiment can be modeled by a curve 

𝑦(𝑡) =
 𝑥1𝑡

𝑥2 + 𝑡
, 

with unknown parameters 𝑥1 and 𝑥2. Let the initial values be 

𝑥1 = 0.9 and 𝑥2 = 0.2  and stopping criteria ‖∇𝑓‖ ≤ 10−9. 

Here, we must minimize the sum of squared functions  

𝑟𝑖(𝑥1, 𝑥2) = 𝑦𝑖 −
 𝑥1𝑡𝑖

𝑥2 + 𝑡𝑖
          (𝑖 = 1,… ,7), 

i.e., to find 

min 𝑓(𝑥1, 𝑥2)  = ∑𝑟𝑖
2(𝑥1, 𝑥2)

7

𝑖=1

. 

In order to apply Gauss-Newton method, we determine 

 
𝜕𝑟𝑖
𝑥1

=
−𝑡𝑖

𝑥2 + 𝑡𝑖
,

𝜕𝑟𝑖
𝑥2

=
𝑥1𝑡𝑖

(𝑥2 + 𝑡𝑖)
2
   (𝑖 = 1,… ,7), 

and 

𝑟(𝑥) = [

𝑟1
⋮
𝑟7

]  ,      J(𝑥) = [
𝜕𝑟𝑖
𝑥𝑗

]
7×2

=

[
 
 
 
 
𝜕𝑟1
𝑥1

𝜕𝑟1
𝑥2

⋮ ⋮
𝜕𝑟7
𝑥1

𝜕𝑟7
𝑥2]

 
 
 
 

. 

In that manner, we evaluate the iterations 

 

𝑥⃗(0) = [
0.9
0.2

] ,   𝑥⃗(1) = [
0.3327
0.2602

],   

 

   𝑥⃗(2) = [
0.3428
0.4261

] , … ,  𝑥⃗(9) = [
0.36184
0.55627

]. 

 

 

Fig. 1 

Let us analyze convergence of the method. Here, the matrix 

(𝐽9
Т 𝐽9)

−1𝑄(𝑥(9)) = [
0.0915 −0.0709
0.52174 −0.4383

], 

has the eigenvalues 𝜆1 ≈ −0.35548 and 𝜆2 ≈ 0.008651. 
Hence 𝜚 ≈ 0.35548 < 1, what proves the convergence. 

Error of the iteration  𝑥(9) with respect to the exact solution 

𝑥∗ can be estimated as 

 

‖𝑓(𝑥(9))‖ = ‖2(𝐽9)
𝑇 ∘ 𝑟(𝑥(9))‖ ≈ 1.33844 × 10−10. 

 

Example 2. Let 𝐿 = {𝑝𝑘 , 𝑞𝑘} be a given set of 𝑛 = 40  points 

randomly taken very close to unknown lemniscate. The 

lemniscate is determined by its center  (𝑢, 𝑣) and the  half-

width 𝑤. Therefore, consider the functions 

𝑟𝑘(𝑢, 𝑣, 𝑤) = ((𝑝𝑘 − 𝑢)2 + (𝑞𝑘 − 𝑣)2)2

− 𝑤2 ((𝑝𝑘 − 𝑢)2 − (𝑞𝑘 − 𝑣)2). 
 

The optimization problem is 

min
(𝑢,𝑣,𝑤)∈𝑅3

𝑆(𝑢, 𝑣, 𝑤) = ∑ 𝑟𝑘
2(𝑢, 𝑣,𝑤)

𝑛

𝑘=1

. 

For the set of blue points given on Figure 3, the Gauss-

Newton method gives 

𝑢  ≈ 1.05,   𝑣 ≈ 2.05,     𝑤 ≈ 3. 
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Fig. 2 

Example 3. Let 𝑃 = {𝑝𝑘 , 𝑞𝑘} be a given set of 𝑛 = 30  points 

randomly taken very close to unknown ellipse. We are 

looking for ellipse with unknown center  (𝑢, 𝑣) and half-axes 

𝑎 and 𝑏. Therefore, consider the functions 

𝑟𝑘(𝑢, 𝑣, 𝑎, 𝑏) =  (
𝑝𝑘 − 𝑢

𝑎
)

2

+ (
𝑞𝑘 − 𝑣

𝑏
)

2

− 1. 
 

The optimization problem is 

min
(𝑢,𝑣,𝑎,𝑏)∈𝑅3

𝑆(𝑢, 𝑣, 𝑎, 𝑏) = ∑ 𝑟𝑘
2(𝑢, 𝑣, 𝑎, 𝑏)

𝑛

𝑘=1

. 

For the set of blue points given on Figure 3, the Gauss-

Newton method gives 

𝑢  ≈ 1.0794,   𝑣 ≈ 1.8356, 𝑎 ≈ 5.0087, 𝑏 ≈ 2.9728 . 

 

Fig. 3 

Example 4. The average high temperatures per month were 

measured at Fahrenheit in the city of Monroe Louisiana.  
 

Table 2 

       m      T 
1 56
2 60
3 69
4 77
5 84
6 90
7 94
8 94
9 88
10 79
11 68
12 58

 

 

It is supposed to have sinusoidal behaviour  
 

𝑇 = 𝑓 (𝑡; 𝐴, 𝑤, 𝑝, 𝑞)  = 𝐴 sin(𝑤𝑡 + 𝑝) + 𝑞. 
 

Gauss-Newton method gives 

 

𝐴  ≈ 11.05467,   𝑤 ≈ 0.47580, 

𝑝 ≈ 10.77126,    𝑞 ≈ 23.61121. 

 

Fig. 4 

Remark. If we have obvious increase in temperature, we 

should use the function 

𝑇 = 𝑓 (𝑡; 𝐴, 𝑤, 𝑝, 𝑞)  = 𝐴 sin(𝑤𝑡 + 𝑝) + 𝑞𝑡. 

 

Example 5. The problem of approximating average annual 

daily traffic through IA category state roads in Republic of 

Serbia, counted at Interchange Niš North - Interchange Niš 

East and given in the Table 3. 

 

Table 3 

Year Average Annual 

Daily Traffic 

2015 7 025 

2016 7 742 

2017 8 220 

2018 10676 

2019 10 225 

2020 7 043 

2021 10 808 

2022 11 665 

2023 12 372 

 

We model experiment by a curve 

𝑦(𝑡) =
 𝑎

𝑡
+ 𝑏 + 𝑐𝑡 + 𝑑𝑡2, 

with unknown parameters 𝑎, 𝑏, 𝑐 and 𝑑.  

 

Fig. 5 

We have got 

yapprox(𝑡) =
−4.2919

𝑡
+ 11.9988 − 0.9737𝑡 + 0.1184𝑡2. 
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From this approximation, we can make prognosis  

𝑦(2024) ≈ 13 679. The exact data is 𝑦(2024) = 13 603. 
For the next year, we suppose 𝑦(2025) ≈ 15 224. 
 

Example 6. The problem of approximating a solution 

𝑥∗ of multidimensional equation (see Argyros [1]) 

(𝑓(𝑥))
𝑇
𝑓(𝑥) = 0, 

where 𝑓(𝑥) is a Frechet-differentiable operator defined on 

𝑅𝑛with values in 𝑅𝑚(𝑚 ≥ 𝑛) is equivalent to 

min 𝑔(𝑥)  = (𝑓(𝑥))
𝑇
𝑓(𝑥). 

It comes from the formula 
 

 ((𝑓(𝑥))
𝑇
𝑓(𝑥)) = (𝑓(𝑥))

𝑇
𝑓(𝑥) + (𝑓(𝑥))

𝑇
𝑓(𝑥). 

We solve it numerically by the Gauss-Newton method. 

 

For example, let 𝑓(𝑥, 𝑦) = [
𝑥 − 2𝑦2 + 1
𝑥 + 3𝑦 + 2

]. Starting with the 

initial value 𝑥⃗(1) = [0.1  0.2]𝑇 , we seek for the solution of 

 (𝑓(𝑥))
𝑇
𝑓(𝑥) = [

2𝑥 + 3𝑦 − 2𝑦2 − 1

3𝑥 + 5𝑦 − 4𝑥𝑦 + 8𝑦2 − 6
] = 0, 

as it is shown on the Figure 4. We reduce it to a minimization 

problem. Applying the Gauss-Newton method, we find 

𝑥  ≈ 0.058422,   𝑦 ≈ 0.686141.   

 

Fig. 6 

Example 7. The Newton method does not converge if 

someone applies it in solving the system (see Hendrata [5]): 

 

𝑟1(𝑥, 𝑦) = 104𝑥𝑦 − 1 = 0,                
   𝑟2(𝑥, 𝑦) = 𝑒−𝑥 + 𝑒−𝑦 − 1.0001 = 0, 

 

with initial value (2,2). But, the modified Gauss-Newton 

method gives the approximation of the real solution in 15 

iterations with these significant digits: 
 

(𝑥∗, 𝑦∗)  ≈ (9.106, 0.00001098).   

 
Fig. 7 

Example 8. The q-Pochammer symbol is defined by product 

  (𝑎; 𝑞)𝑛 = ∏ (1 − 𝑎𝑞𝑘)𝑛−1
𝑘=0    (𝑛 ∈ 𝑁 ∪ {∞}). 

Here, (𝑎; 𝑞)0 = 1. The Euler identity   

 ∏ (1 − 𝑎𝑞𝑘) =∞
𝑘=1  ∑ (−1)𝑘𝑎𝑘∞

𝑘=0
𝑞𝑘(𝑘+1)/2

(𝑞;𝑞)𝑘
, (14) 

enable us to compute an infinite sum instead of the infinite 

product 

 ∏ (1 − 𝑎𝑞𝑘) ≈∞
𝑘=1  ∑ (−1)𝑘𝑎𝑘𝑛

𝑘=0
𝑞𝑘(𝑘+1)/2

(𝑞;𝑞)𝑘
. 

Let us consider the system  

             𝑟1(𝑥, 𝑦) = 2(𝑞𝑥; 𝑞)∞ − (𝑞𝑦3; 𝑞)∞ = 0,                

   𝑟2(𝑥, 𝑦) = (𝑞𝑥2; 𝑞)∞ + 𝑒(𝑞𝑦;𝑞)∞ − 5 = 0, 
 

with 𝑞 = 0.75 and initial value (0.2, −0.1). Their graphs 

are shown in Figure 5 where 𝑟1(𝑥, 𝑦) is blue line and 

𝑟2(𝑥, 𝑦) is green line. 

 

Here is very hard to use any method which includes the 

classical derivative. But, the q-Gauss-Newton method gives 

the approximation of the real solution in 10 iterations with 

these significant digits: 

 

(𝑥∗, 𝑦∗)  ≈ (0.218193,−0.119667).   

 

 
Fig. 8 

 

Fig. 9 

Example 9. (Nonconvergence case) There are theorems 

which guarantee convergence of G-N method. In other cases, 

we are not sure that it leads us to the solution. Here is an 

counterexample.  

Let us apply the Gauss-Newton method with initial value 

𝑥⃗(1) = [1  1]𝑇 to the minimization problem 

 

min 𝑓(𝑥, 𝑦)  = (10𝑦 + 𝑥2)2 + (1 + 𝑥2)2. 

Here, we have 
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𝑟(𝑥) = [
10𝑦 + 𝑥2

1 + 𝑥2
]  ,   J(𝑥) = [

𝜕𝑟1

𝑥

𝜕𝑟1

𝑦

𝜕𝑟2

𝑥

𝜕𝑟2

𝑦

] = [
2𝑥 10
2𝑥   0

]. 

Hence 

𝑟(𝑥(1)) = [
0
1
] ,   𝐽1 = [

2 10
2   0

], 

and  

𝑥⃗(2) = 𝑥⃗(1) − (𝐽1)
−1𝑟(𝑥(1))  = [

0
0.1

]. 

But, since det[𝐽2] = 0, the method does not converge. Even 

more, it may not be effective when 0 < det[𝐽2] ≪ 1. 
In these cases, we can apply the modified G-N method. 

Really, for this problem we will get iterations 

 

𝑥(2) = [
0.33(−15)

0.1
],  𝑥⃗⃗⃗⃗⃗(3) = [

0.32(−15)
0.05

],…, 𝑥⃗
(10)

= [
0

0.00039
]. 

 

The exact solution is min 𝑓(𝑥, 𝑦)  = 𝑓(0,0)  = 1. 
 

 

Fig. 10 

6 CONCLUSIONS 

The Gauss-Newton method is a highly efficient iterative 

method used to solve nonlinear least-squares problems. This 

can be seen as a modification of the newton method to find 

the minimum value of a function. The analysis of Gauss 

Newton's method involves convergence of simple roots and 

multiple roots. Gauss Newton's method often converges 

quickly, especially when the iteration begins to be close 

enough to the desired root. But if iteration begins far from 

the searched root, this method can slip off without warning, 

its convergence may be slow, it probably will not converge 

at all. Implementation of this method usually detects and 

overcomes convergence failures. 
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